Abstract. We show that a statement concerning the existence of winning strategies of limited memory in an infinite two-person topological game is equivalent to a weak version of the Singular Cardinals Hypothesis.
in mathematical literature. Some of the sources most closely related to the topic of this paper include [3] , [6] and [7] . Sometimes imposing additional constraints on player ONE can be exploited by an impaired memory player TWO, depending on the type of memory impairment.
In this paper we report on the specific circumstance when there are no additional constraints on player ONE, while TWO's memory impairment permits remembering only the most recent two moves made in the game. We prove that whether TWO has a winning strategy under these conditions is related to the foundations of Mathematics. Towards this proof we give a formal definition of the game and related concepts in Section 1, and state the precise result in Section 1. Then Sections 2 and 3 are devoted to proving the announced result.
Background and Theorem
Let (X, τ) be a T 1 -topological space without isolated points and let J be the ideal of nowhere dense subsets of this space. The infinite game RG(J), introduced in Section 1 of [7] , is played between players ONE and TWO and proceeds as follows. First player ONE chooses a meager set M 1 and then TWO responds with a nowhere dense set N 1 . In the second inning ONE again chooses a meager set M 2 , TWO responds with a nowhere dense set N 2 , and so on. By playing an inning per positive integer they construct a play (M 1 , N 1 , M 2 , N 2 , . . .). Player TWO is declared to be the winner of such a play if
As we remarked above, player TWO has a winning perfect information strategy in RG(J). A strategy of TWO that relies for information on only the two most recent moves in the game can be represented by a function F which is of the form N 1 = F(M 1 ) and N k+1 = F(N k , M k+1 ) for all k. Such a strategy for player TWO is said to be a coding strategy, hinting at the possibility that TWO may be able to code information about past innings of the game into TWO's own moves as a memory aid.
Let J , the σ-completion of J, denote the collection of meager subsets of the space (X, τ). Then ( J , ⊂) is a partially ordered set and its cofinality is denoted cof( J , ⊂). By Theorem 2 of [7] the following two statements are equivalent:
(a) TWO has a winning coding strategy in RG(J).
(b) cof( J , ⊂) ≤ |J|. Thus, the generalized continuum hypothesis implies that whenever |X| is of uncountable cofinality, TWO has a winning coding strategy in RG(J) - [7] , Corollary 3. It is not clear at first glance that the generalized continuum hypothesis is necessary to prove this consequence. Here we prove Theorem 1. Let κ be a singular strong limit cardinal of uncountable cofinality.
Then the following statements are equivalent: (A) There is a T 1 -topology τ (without isolated points) on κ such that TWO does not have a winning coding strategy in RG(J).
(B) There are infinitely many cardinal numbers between κ and 2 κ .
In Section 2 we prove that (A) implies (B); in Section 3 we prove that (B) implies (A). In the third section we discuss this result in the context of the Singular Cardinals Hypothesis. The fifth section consists of some final remarks.
The proof that (A) implies (B).
Let κ be a singular strong limit cardinal of uncountable cofinality, and let τ be a T 1 -topology (without isolated points) on κ, such that (A) is satisfied. By [7] , Theorem 2,
Since J is the σ-completion of J,
Since τ is a T 1 -topology without isolated points,
But then 2 λ < co f (J, ⊂) for each λ < κ. This inequality is evident for the case when λ is finite, as J is a free ideal on κ. Now suppose on the contrary that λ < κ is such that co f (J, ⊂) ≤ 2 λ . Thus λ is infinite and it follows from (2) and the fact that κ is a singular strong limit cardinal that
which contradicts our hypothesis by contradicting (1). We conclude that:
Moreover, for each λ < κ
(For (1), use the fact that κ is a singular strong limit cardinal of uncountable cofinality, and Theorem 5.20 (iii)(a) on p. 57 of [2] . For (2) use Lemma 5.19 on p. 57, and Theorem 5.16 (iii) on p. 56 of [2] .) Towards the next step, recall: For an infinite cardinal number µ the symbol µ + denotes the least cardinal number larger than µ. We define µ +0 = µ, and for each nonnegative integer n, µ +(n+1) = (µ +n ) + . It then follows from Hausdorff's theorem [2] p. 57 formula 5.22 and induction and the fact that κ has uncountable cofinality that for all 0 < n < ω,
For otherwise let n < ω be minimal such that κ +n = co f (J, ⊂). By (4) there is such an n since κ = κ +0 ≤ co f (J, ⊂ ). Then (1), (2) and (5) imply that
and this is a contradiction, completing the proof of Claim 1. Put λ = sup{κ +n : n < ω}. Then λ is a cardinal number of countable cofinality, and κ < λ ≤ co f (J, ⊂) ≤ |J|. Since J ⊆ P(κ), iIt follows from (1) that κ < λ < 2 κ . This establishes (B).
The proof that (B) implies (A).
Let κ be a singular strong limit cardinal of uncountable cofinality such that there are infinitely many cardinal numbers between κ and 2 κ . By König's Theorem ( [2] , p. 54 Corollary 5.12), κ < cof(2 κ ), and so in particular, ℵ 0 < cof(2 κ ). It follows that the cardinal number λ = sup{κ +n : n < ω} is larger than κ and less than 2 κ and has countable cofinality. As before, | ν κ| = κ for each ν < co f (κ), and κ co f (κ) = 2 κ . Choose (see [8] , p.191, Theorem 7; a nice proof is also given in [1] , p. 493, Lemma 2) a family F ⊂ co f (κ) κ such that (i) |F | = 2 κ and (ii) for f, g ∈ F with f g, |{ξ < co f (κ) : f (ξ) = g(ξ)}| < co f (κ). Choose G ⊂ F such that |G| = λ and put X = ∪G. Then X is a subset of co f (κ) × κ. Claim 2: |X| = κ.
It follows from the definition of X that |X| ≤ κ. But if |X| is less than κ, then the fact that κ is a strong limit cardinal implies that |P(X)| < κ. But then we have: 2 |X| < κ < λ = | G| ≤ 2 | G| = 2 |X| , a contradiction. This completes the proof of Claim 2.
Define a topology τ on X such that X \ Y is in τ if, and only if, Y is X, or Y is a subset of a union of finitely many elements of G. Then (X, τ) is a T 1 -space without isolated points; J is the collection of sets which are obtainable as a subset of a finite union of elements of G. Each element of J has cardinality less than or equal to co f (κ).
Let G be the range of Φ. Then G is cofinal in J, whence |J| ≤ |G| · 2 co f (κ) . But since κ is a singluar strong limit cardinal, 2 cof(κ) < κ < λ, and so |G| · 2 co f (κ) = |G| = λ. It follows that also |J| ≤ λ, verifying Claim 3.
For let A ⊂ J be a cofinal family of elements of J . Define Ω : A → [G] ℵ 0 such that for each A ∈ A, A ⊆ ∪Ω(A). Then the set {Ω(A) : A ∈ A} is cofinal in ([G] ℵ 0 , ⊂): To see this, suppose the contrary, and choose a countable subset C of G that is not contained in any of the sets Ω(A). Then for each A ∈ A choose an f A ∈ C \ Ω(A). Since for each f ∈ Ω(A) we have that | f ∩ f A | < cof(κ) and since cof(κ) > ℵ 0 , we see that f A Ω(A), and in particular C A. But C is an element of J , establishing a contradiction to the fact that A is cofinal in ( J , ⊂) .
But λ < cof([λ] ℵ 0 , ⊂) because λ has countable cofinality 1 . This implies that
By [7] , Theorem 2, this completes the proof of (B)⇒(A) . Note, incidentally, a stronger version of Claim 4 can be proven, namely that
Connections with the Singular Cardinals Hypothesis.
There is a proper class of singular strong limit cardinals of uncountable cofinality. For example, define
Then κ γ is a singular strong limit cardinal of uncountable cofinality whenever ℵ 0 < co f (γ) < γ. The Singular Cardinals Hypothesis (abbreviated SCH), as formulated for example on p. 58 of [2] , states that:
For any singular cardinal number κ, if 2 cof(κ) < κ, then κ cof(κ) = κ + .
If κ is a singular strong limit cardinal, then by [2] , Theorem 5.22 (i)(b), SCH requires that 2 κ = κ + . Let WSCH, the Weak Singular Cardinals Hypothesis , be the statement: For every singular cardinal κ of uncountable cofinality, if κ is a strong limit cardinal then there are only finitely many cardinal numbers between κ and 2 κ . Thus, Theorem 1(B) states an instance of the negation of WSCH.
In a personal communication Professor Magidor informed us that, due to results of Mitchell and Gitik, the exact consistency strengths of the various violations of SCH (in particular, the consistency strength of not-WSCH) are known. For example: The theory "ZFC + not-WSCH" is equiconsistent with the theory "ZFC + there exist a hypermeasurable cardinal κ of Mitchell order κ +ω +ω 1 ". This identifies the exact consistency strength of an occurrence of Theorem 1(A). Moreover, "ZFC + not-WSCH" is a vastly stronger theory than "ZFC + not-SCH" since the latter is equiconsistent with the theory "ZFC + there exists a measurable cardinal κ of Mitchell order κ ++ ". For the "Mitchell order" of a cardinal, see [4] ; for the notion of a hypermeasurable cardinal, see [5] .
Finally, using the terminology of this section, Theorem 1 implies 
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